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Infrared Sensitivity in Damping Rate for Very Soft Moving Fermions in
Finite Temperature QED
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aDe´partement de Physique, Ecole Normale Supe´rieure
BP 92 Vieux Kouba, 16050 Alger, Algeria
We calculate the fermion damping rate to second order in powers of the external mo-
mentum p in the context of QED at finite temperature using the hard-thermal-loop (HTL)
summation scheme. We find that the coefficient of order p2 is divergent in the infrared
whereas the two others are finite. This result suggests that the htl-based pertubation is
infrared sensitive at next-to-leading order.
At high temperature, perturbative calculations based on bare propagators and vertices
lead to gauge dependent and infrared divergent results [1]. This problem has been solved
within the hard thermal loop (HTL) summation technique [2,3]. The basic idea is to
distinguish between momentum scales T (hard) and eT (soft), where e is the QED coupling
constant. Using this method, the explicit calculation of the zero-momentum transverse
gluon damping rate γt (0) to next-to-leading order was performed in [4] and was shown to
be finite, positive and independent of the gauge. A similar computation for the damping
rate of a quark at rest was carried independently in [5] and [6].
However, recent work shows that the damping rates for very soft moving excitations in
hot QCD are infrared sensitive. Indeed, an explicit calculation of the longitudinal gluon
damping rate γl (0) shows that this latter is different from γt (0) and infrared divergent
[7,8]. Also, the calculation of the transverse gluon damping rate with very soft momentum
p is discussed in [9] and presented in the form γt (p) = at0 + at1
(
p
mg
)2
+ ..., where mg is
the soft gluon mass. The zeroth-order coefficient at0 is finite and equal to γt (0) found
in [4], but the second-order coefficient is infrared divergent. Finally, the calculation of
the damping rate for quarks to second order in the external momentum discussed in [10]
suggests also that the second-order coefficient is divergent whereas the zeroth-order and
the first-order ones are finite.
In this work, we calculate the damping rates of very soft fermions at next-to-leading
order in finite temperature QED. We use the imaginary-time formalism with Euclidean
momenta P µ = (p0,
−→p ) so that P 2 = p20 + p2 and p = |−→p |. We follow the conventions
of [11]. The fermion propagator is obtained by summing the hard-thermal-loop fermion
self- energy diagrams. It is defined by ∗∆−1f (P ) = P/ − δΣ (P ), where δΣ is the HTL in
∗
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2the fermion self-energy. The effective fermion propagator can be decomposed into the two
helicity eigenstates:
∗∆F (P ) = −1
2
[(
γ0 − iγ.p̂
)
∆+ (P ) +
(
γ0 + iγ.p̂
)
∆− (P )
]
, (1)
where ∆±(P ) =
(
ip0 ∓ p− m
2
f
2p
[(
1∓ ip0
p
)
ln
ip0 + p
ip0 − p
]
± 2
)−1
; mf = eT/
√
8 is the fermion
thermal mass. The poles of ∆±(−iω,p) define the dispersion relation ω±(p) for fermions
to leading order in e. In Covariant gauge, the effective photon propagator is:
∗∆µν (K) =
1
G+K2
P Tµν +
1
F +K2
PLµν +
ξ
K2
KµKν
K2
, (2)
where P Tµν , P
L
µν are the transverse and longitudinal projectors respectively and F =
2m2K2
k2
(
1− ik0
k
Q0
(
ik0
k
))
, G = m
2ik0
k
((
1−
(
ik0
k
)2)
Q0
(
ik0
k
)
+ ik0
k
)
, with m = eT/
√
6 ,
the photon thermal mass.
The effective vertices ∗Γ are the sum of the tree amplitudes Γ and the hard thermal
loops δΓ. The effective fermion-photon vertex and the effective two fermion-two photon
vertex are given by:
∗Γµ(P1, P2) = γ
µ −m2f
∫
dΩs
4π
SµS/
P1S P2S
, (3)
∗Γ˜µν(P1, P2;Q) = −m2f
∫
dΩs
4π
[
1
P1S
+
1
P2S
]
SµSνS/
(P1 +Q)S (P2 −Q)S . (4)
The damping rates for fermions to second order in their very soft momentum p write:
γ± (p) =
1
2
1± 2
3
p
mf
− 2
9
(
p
mf
)2
+ . . .
 Im ∗f± (−iω, p)
∣∣∣∣∣∣
ω=ω±+i0+
, (5)
where ∗f± =
∗D0 ∓ ∗Ds and ∗D0, ∗Ds are the components of the fermion effective self-
energy. Therefore, the calculation of γ± (p) amounts to that of the imaginary part of the
fermion effective self-energy.
Up to next-to-leading-order, the fermion self-energy is given in imaginary time formal-
ism by:
∗Σ (P ) =−e2Trsoft[∗Γµ (P,Q)∗∆F (Q) ∗Γν(P,Q )∗∆µν (K)+∗ Γµν(P,−P ;Q ,−Q)∗∆µν(K)] , (6)
where K is the internal soft loop momentum, Q = P −K and Tr ≡ T ∑∫ d3k
(2π)3
. In
this latter sum, only soft values of k are allowed in the integrals. Using the expressions of
the effective propagators (1, ??) and the effective vertices (3, ??), we see that there are
nine contributions to ∗Σ. Details on how to handle these is given in [10]. We find that
the damping rates can be put in the following form:
γ± (p) = −
e2T
8π
[
a0 ± p
3
a1 +
p2
9
a2 + . . .
]
, (7)
3with:
ai =
∫ ∞
η
dk
∫
+∞
−∞
dω
∫
+∞
−∞
dω′
ω′
[fi (ω, ω
′; k)− fi−1,i≥1 (ω, ω′; k) ∂ω
+fi−2,i≥2 (ω, ω
′; k)
[
−3 ∂ω + ∂2ω
]]
δ ; (8)
f0 (ω, ω
′; k) =
∑
ε=±
[
−k2 (1− εk + ω)2 ρερ′l +
1
2
(
1 + 2εk + k2 − ω2
)2
ρερ
′
t
]
+
1
k
(
k2 − ω2
)
ρ0ρ
′
t, (9)
f1 (ω, ω
′; k) =
∑
ε=±
[
2k2
(
−1 + k2 − 2εkω + ω2
)
ρερ
′
l +
(
−2ε
k
− 3 + 2εk + 4k2 − k4
−
(
2 + 4εk + 2k2
)
ω +
(
4ε
k
+ 4 + 2εk + 2k2
)
ω2 + 2ω3 −
(
2ε
k
+ 1
)
ω4
]
ρερ
′
t
+εk2(1− εk +ω)2ρε∂kρ′l +
(
ε
2
+ 2k + 3εk2 + 2k3 +
ε
2
k4 −
(
ε+ 2k + εk2
)
ω2 +
ε
2
ω4
)
ρε∂kρ
′
t
]
−2
k
(
k2 − ω2 + 2ω
3
k2
)
ρ0ρ
′
t −2k2ǫ (ω) δ
(
ω2 − k2
)
ρ′l +
ω
k2
(
ω2 − k2
)
ρ0∂kρ
′
t + 2ωρ0∂kρ
′
l ; (10)
f2 (ω, ω
′; k) =
∑
ε=±
[(
−9
2
− k2 − 6εk3 − 1
2
k4 −
(
6εk − 6k2 + 2εk3
)
ω +
(
9 + k2
)
ω2 + 6εkω3
− 9
2
ω4
)
ρερ
′
l +
(
9
2k2
−14ε
k
−8
3
+4εk −19
2
k2−6εk3+k4+
(−3
k2
+
25ε
k
−10+6εk+9k2−3εk3
)
ω
+
(
− 6
k2
+
2ε
k
+ 23− 6εk + k2
)
ω2 +
(
6
k2
− 22ε
k
− 6 + 6εk
)
ω3 +
(
− 3
2k2
+
12ε
k
− 5
)
ω4
−
(
3
k2
+
3ε
k
)
ω5 +
3
k2
ω6
)
ρερ
′
t − k
(
9− 14εk + 5k2 +
(
12− 2εk − 6k2
)
ω − (3− 12εk)ω2
− 6ω3
)
ρε∂kρ
′
l +
(
3
2k
+ 4ε+ 7k + 8εk2 +
7
2
k3 −
(
3
k
+ 6ε+ 6k + 6εk2 + 3k3
)
ω
−
(
3
k
+ 4ε+ 5k
)
ω2 +
(
6
k
+6ε+ 6k
)
ω3 +
3
2k
ω4− 3
k
ω5
)
ρε∂kρ
′
t −
3
2
k2 (1− εk + ω)2 ρε∂2kρ′l
+
(
3
4
+ 3εk +
9
2
k2 + 3εk3 +
3
4
k4 − 3
2
(
1 + 2εk + k2
)
ω2 +
3
4
ω4
)
ρε∂
2
kρ
′
t
]
− 3
k
(
k2 − ω2
)
ρ0ρ
′
l
+
(
3
k
+ 2k +
6
k
ω −
(
15
k3
+
2
k
)
ω2 +
18
k3
ω3
)
ρ0ρ
′
t + (6− 12ω) ρ0∂kρ′l
+
(
−3 + 6kω + 3
k2
ω2 − 6
k
ω3
)
ρ0∂kρ
′
t + 3kρ0∂
2
kρ
′
l −
3
2k
(
k2 − ω2
)
ρ0∂
2
kρ
′
t
+12k2ǫ (ω) δ
(
ω2 − k2
)
ρ′l − 6 |ω| δ
(
ω2 − k2
)
ρ′t − 6k2 |ω| ∂ω2δ
(
ω2 − k2
)
ρ′l. (11)
In the above expression, η is an infrared cutoff of the order of the magnetic scale. δ =
δ (1− ω − ω′) and ∂ω ≡ ∂∂ω ; ρǫ = ρǫ (k, ω) and ρ′t,l = ρt,l (k, ω′) are the spectral densities
of the effective propagators ∗∆ǫ and
∗∆t,l respectively [11,12]. Also, ρ0 = −12Θ (k2 − ω2)
and ǫ (ω) is the sign function. Note that for convenience, we have set mf = 1 in the above
formula.
What remains to do is the numerical evaluation of a0, a1 and a2. For this purpose, we
have to perform the integrals over the frequencies ω and ω′, and then over the momentum
4k. This necessitates the explicit use of the expressions of the spectral functions of the
different quantities involved [11] and a delicate extraction of potential infrared divergences.
All relevant details will be given elsewhere. We report here on the final result, which writes
as:
γ± (p) =
e2T
16π
[
5.4253∓ 0.556 6p+ (−13. 3136 ln η + 10. 432 7)p2 + ...
]
. (12)
We have calculated the damping rates of fermions in finite-temperature QED to next-to-
leading order in HTL-summed perturbation. We have found that the coefficients of zeroth
order and order p are infrared safe whereas the third one is logarithmically divergent. This
result indicates that the HTL-summation scheme is perhaps not complete at this order.
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